We study the facial structure of two important permutation polytopes in R n 2 , the Birkho or assignment polytope B n , de ned as the convex hull of all n n permutation matrices, and the asymmetric traveling salesman polytope T n , de ned as the convex hull of those n n permutation matrices corresponding to n-cycles. Using an isomorphism between the face lattice of B n and the lattice of elementary bipartite graphs, we show, for example, that every pair of vertices of B n is contained in a cubical face, showing faces of B n to be fairly special 0-1 polytopes. On the other hand, we show that T n has every 0-1 d-polytope as a face, for d = log n, by showing that every 0-1 d-polytope is the asymmetric traveling salesman polytope of some directed graph with n nodes. The latter class of polytopes is shown to have maximum diameter n 3 .
Introduction
The (asymmetric) traveling salesman problem, to nd the shortest (directed) Hamiltonian tour in a complete (directed) graph, is one of the widely studied problems in combinatorial optimization, both for its utility and for the fact that it represents, in a well-de ned sense, all hard combinatorial problems. A standard approach to solving this problem is to consider it as a linear Department of Mathematics and School of Operations Research, Cornell University, Ithaca, New York, 14853. Partially supported by NSF grant DMS-9207700.
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1 programming problem over the (asymmetric) traveling salesman polytope, de ned as the convex hull of all (directed) Hamiltonian tours, and to use known classes of bounding inequalities (facets) to try to nd an optimal tour. (See 4] for a discussion of this and other approaches to this problem.) The di culty with this approach is that the facets of these polytopes are not all known, and, it seems, not knowable. We give explicit evidence for this assertion for the asymmetric traveling salesman polytope (ATSP) by showing that, up to a certain dimension, all 0-1 polytopes are among its faces. In particular, we show that if P is a 0-1 polytope, then P appears as a face of an ATSP of su ciently large dimension. The dimension of this ATSP is in general exponential in the dimension of P, and we show that it is not possible to get all 0-1 polytopes in R d as faces of an ATSP of a dimension that is polynomial in d. Another way of viewing the main result of this paper is that every 0-1 polytope is the ATSP of some directed graph.
In section 2 we introduce the Birkho polytope and associate the faces of this polytope with elementary bipartite graphs. This establishes an isomorphism between the face lattice of the Birkho polytope and the lattice of elementary bipartite graphs. We use this isomorphism to show that every pair of vertices of the Birkho polytope is contained in a cubical face. Section 3 is devoted to proving our main result on the ATSP. In section 4 we study the asymmetric TSP of an arbitrary directed graph and give a tight bound on its diameter.
We de ne some terms that will be used for the rest of this paper. We denote the set f1; . Throughout this paper, C will denote an ordered collection of disjoint cycles. The graphG(P) of a polytope P is the graph whose nodes are the vertices of P, and which has an edge joining two nodes if and only 2 if the corresponding vertices in P are adjacent on P. The diameter of P is de ned as diam(P) := diam(G(P)) = maxfd(u; v) : u; v are nodes ofG(P)g where d(u; v) is the length of the shortest path between u and v inG(P). 2 The Birkho Polytope Let S n denote the symmetric group of degree n. Given 2 S n , we de ne the corresponding n n permutation matrix X( ) 2 R n 2 by X( ) ij := 1 if (i) = j 0 otherwise. We denote by B n the Birkho polytope (or the assignment polytope) of order n, given by B n := convfX( ) : 2 S n g:
It is well known that B n is an (n?1) 2 dimensional polytope with the following inequality description: B n = fx 2 R n 2 : x ij 0 ; 1 i ; j n; A detailed study of this polytope is given in 2] (see also 3]). For convenience, we shall often denote a vertex X( ) by . With each vertex 2 B n , we associate the bipartite graph G( ) which is the matching on K n;n with the edge set f(i; (i)) : i = 1; : : : ; ng. If F is a face of B n , then G(F) is the subgraph of K n;n which is the union of G( ) over all the vertices 2 F. G(F) has the property that every edge of G(F) is in some matching. Such graphs are called elementary graphs (see 5]; the de nition of elementary graphs given there also requires them to be connected, but we will not require that here). Also if G K n;n is an elementary graph, de ne F(G) := convf : G( ) Gg = B n \ fx 2 R n 2 : x ij = 0 if (i; j) 6 We note here that the k-cube F ; is actually a zonotope (Minkowski sum of line segments) generated by k mutually orthogonal segments z i 2 R n 2 .
Each z i is supported on a cycle of the graph G( ; ) and has coordinates +1 or ?1 alternately for edges of G( ) and G( ). 4 3 The Asymmetric TSP Let T n := f 2 S n : is a cycle of length ng S n The asymmetric TSP of order n is de ned by T n := convfX( ) : 2 T n g so that T n B n R n 2 This means that if F is a face of B n , then F \ T n is a face of T n induced by F. We exploit this relationship between the faces of B n and T n to derive some results about the faces of T n .
We rst describe the following procedure to generate some lower dimensional faces of T n : Let 2 S n and C = fC 1 ; : : :; C k g where C 1 ; : : :; C k 2 S n are disjoint cycles. Then F( ; C) B n is a k-cube and if V is the set of ATSP vertices of this cube then conv(V ) = F( ; C) \ T n is a face of T n . Call such a face F 0 ( ; C). We shall identify F 0 ( ; C) with a 0-1 polytope embedded in the k-cube. We note that if = C k] = C 1 C k , then F( ; C) = B n \ fx 2 R n 2 : x ij = 0 if (i; j) 6 2 G( ; )g and hence F 0 ( ; C) = T n \ fx 2 R n 2 : x ij = 0 if (i; j) 6 2 G( ; )g:
Example 1: (Rao 6 ]) Let n = 9; = (1; 2; 3; 4; 5; 6; 7; 8; 9) and C = fC 1 ; C 2 ; C 3 g where C 1 = (1; 7; 4); C 2 = (2; 8; 5) and C 3 = (3; 9; 6). Then F( ; C) B 9 is a 3-cube and the other vertices of this cube are given by 12 = C 1 C 2 = (1; 8; 6; 7; 5; 3; 4; 2; 9) (1; 1; 0) 23 = C 2 C 3 = (1; 2; 9; 7; 8; 6; 4; 5; 3) (0; 1; 1) 13 = C 1 C 3 = (1; 8; 9; 7; 5; 6; 4; 2; 3) (1; 0; 1) 123 = C 1 C 2 C 3 = (1; 8; 6; 4; 2; 9; 7; 5; 3) (1; 1; 1) We note that 5 of the vertices of this cube are ATSP vertices and thus Proposition 3.1 I d is a face of T n for n = 3d. Proof: Let = (1; : : : ; n) and C = f(1; 2; 3); (4; 5; 6); : : : ; (n ? 2; n ? 1; n)g. Then for any S d], C(S) = (a 1 ; : : :; a n ) 2 n. Let It follows from (2) and (3) 
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The following is a direct consequence of Proposition 3.4. (1) The above result is not valid for B n since B n has the property that every pair of its vertices is contained in a cubical face. For instance, the bipyramid over a triangle (of Example 1), cannot be a face of B n .
(2) A natural question to ask is whether the bound for n can be improved. We ask this question in two di erent forms. Given d, is there n d k such that For example, the polytope associated with the quadratic assignment problem cannot have every 0-1 polytope among its faces since it is neighborly, i.e., every pair of its vertices are adjacent. This is so since, choosing a hyperplane containing any pair of vertices of B n , and no others, its normal can be used (by forming a tensor product with itself) to de ne a supporting hyperplane to the desired edge of the quadratic assignment polytope. See 1; 2. 
